Abstract-The analysis of a lossless helical slow-wave structure (SWS) using equivalent circuit approach, reported elsewhere, had been carried out for the fundamental mode only. This is essentially used to predict the transmission line parameters. Moreover, in the analysis the effect of permittivity on the radial propagation constant has not been considered. The radial propagation constant was considered to be same over the different structure regions. In this paper, the analysis has been developed for the space-harmonic modes considering different radial propagation constant over different structure regions. Due to it, the present analysis becomes more general, accurate and capable of dealing with a wide range of structure parameters. The dispersion relation developed here in terms of the equivalent line parameters for a lossless structure, namely, shunt capacitance per unit length and series inductance per unit length for the space-harmonic modes, as a special case, passes on to those obtained earlier by considering same radial propagation constants over different structure regions and for the fundamental mode. Besides the dispersion characteristics, characteristics impedance has also been predicted in terms of line parameters. The results presented here in terms of the structure parameters can be used for structure design and performance evaluation as well as for the control of any space harmonic of interest. The present analysis has also been validated with those experimental values reported elsewhere. 
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INTRODUCTION
The helix, a non-resonant electromagnetic structure, finds widest application both in civil and defence when used as a slow-wave structure (SWS) in a wideband traveling-wave tube (TWT). The performance characteristics of the helix, like, power, gain, bandwidth, etc. can be considerably improved by suitably tailoring its design and with the help of modern technological approaches.
In a practical TWT, helix is held in a position by a number of dielectric rods/bars symmetrically arranged around the helix and the whole is enclosed in a metal envelope. Such a support geometry essentially causes an inhomogeneous loading of the helix [1] [2] [3] [4] [5] [6] . To analyse such an inhomogeneously loaded helical SWS, two analytical techniques are frequently used: the field analytical approach [1] [2] [3] [4] [5] [6] and the equivalent circuit analytical approach [7] [8] [9] . However, both these analytical techniques yield one the same dispersion relation, the equivalent circuit analytical approach to be somewhat simple in that. In this approach, one has to handle at a time only half of the total number of the boundary conditions of the problem in order to obtain a line parametercapacitance per unit length or inductance per unit length for a lossless structure [7] and thus reduces the complexity of the problem.
The equivalent circuit analysis, reported earlier [7] [8] [9] , is for the homogeneously loaded helical SWS and handles only the fundamental mode of the space harmonic and also ignores the effect of inequality of the radial propagation constant. In this paper, a set of expressions for the equivalent transmission line parameters have been derived for an inhomogeneously loaded helix in the sheath model, for the mth mode of the space-harmonics [10] [11] [12] , by considering non-uniformity of radial propagation constant over the structure regions [2] , and use them to determine the dispersion characteristics of the structure to tailor the device bandwidth or to design space-harmonic devices of interest or to control the undesirable space-harmonic modes. The present method which is simple, further extended to study another useful parameter, namely, the characteristics impedance. However, the interaction impedance of the structure is out of scope from this present analysis. The analytical results presented here also pass on to those, reported elsewhere, as a special case, by considering same radial propagation constant and for the fundamental mode only [7] [8] [9] . Moreover, in the analytical results the effect of helix wire/tape thickness [13, 14] has been ignored but considered in the actual analysis. Finally, the results for the axial propagation constant of the fundamental mode has also been validated with those experimental values published in the literature [15] .
ANALYSIS
For the analysis let us consider a helix supported by a number of identical discrete dielectric rods/bars of an arbitrary cross section in a metal envelope (Fig. 1a) . Such a support geometry, in general, causes an inhomogeneous loading and may be analysed in a model in which the discrete supports are azimuthally smoothed out into n number of continuous dielectric tube regions of effective permittivity valuesthe value of n may be increased for the desired convergence accuracy [3] (Fig. 1b) . Considering the rf quantities associated with the mth mode to vary as exp j(ψt − β m z + mθ) , one may write the following expressions for the components of the electric (E) and magnetic (H) field intensities in the different regions of the structure in the cylindrical co-ordinate (r, θ, z) system for the mth mode in sheath-helix model [10, 13] : 
where p refers to a region of the structure (Fig. 1b) .
) is the radial propagation constant of pth region, k (= ω(µ 0 ε 0 ) 1/2 ) and β m (= β 0 + m cot ψ/a) being the free space and axial propagation constants of the structure, respectively. ψ and a are the pitch angle and the mean radius of the helix, respectively, and ε r,p (= 1 + (ε r − 1)Â s,p /Â p ) represents the effective relative permittivity [1] [2] [3] [4] of the pth of the n effective dielectric tube regions into which the discrete supports are azimuthally smoothed out (Fig. 1) ,Â p being the cross-sectional area of the entire pth tube,Â s,p the cross-sectional area of the actual discrete supports in the pth tube region, and ε r the relative permittivity of the support material, m represents the mode of the sheath helix. I m {γ m,p r} and K m {γ m,p r} represent the modified Bessel functions of order m of the first and second kinds, respectively, the prime indicating their derivative with respect to the argument.
In the analytical model, considered here, has n + 2 regions (Fig.  1b) : the free-space region (p = 1, ε r,1 = 1, 0 ≤ r ≤ a) inside the winding radius (r = a) of the helical sheath, the free-space gap (p = 2, ε r,2 = 1, a ≤ r ≤ b 0 ) between the sheath and the beginning (r = b 0 ) of the dielectric regions, to take into account the finite helix wire/tape thickness [13, 14] (= 2(b 0 − a)) , and n dielectric tube regions. Out of (4n + 8) field constants relevant to these (n + 2) regions, B m,1 and D m,1 become equal to zero to satisfy the condition that the fields are to be finite at the axis (r = 0) of the structure, giving (4n + 6) non-zero field constants. The relevant boundary conditions for the problem are: (i) the sheath helix boundary conditions, at r = a [11] , (ii) the boundary conditions related to the continuity of the tangential components of the electric and magnetic field intensities at each of the interfaces (r = b p ) between the discrete tube regions (between the pth and (p + 1)th), and (iii) the boundary conditions that the tangential components of the electric field intensities are null at the metallic boundary (r = b n = b). With the help of the boundary conditions, the remaining (4n + 6) field constants can be grouped into two: one comprising of A m,p and B m,p -expressed in terms of a single constant, namely, A m,1 and the other of C m,p and D m,p -expressed in terms of a single constant, namely, C m,1 . Using the sets of boundary conditions at the sheath helix (r = a) , one may express A m,1 and C m,1 in terms of I za and I θa , the axial and azimuthal components of sheath-helix current, respectively. The axial and azimuthal electric fields at the sheath helix (r = a) are then expressed in terms of A m,1 and C m,1 , respectively, and hence in terms of I za and I θa , respectively. These field expressions can now be converted into the transmission line equations, from which, one can get the expressions for the capacitance per unit length C e,m and inductance per unit length L e,m of the structure after a lengthy algebraic formulations as [10] (Appendix A):
and
Where C 0,m and L 0,m occurring in (2) and (3), respectively, are the expressions for the transmission line parameters of the mth mode of the space-harmonics for a helix in free-space and are given as:
and α c,m , α 1,m are the functions of structure parameters, and are given as:
Where
is the radial propagation constant of the free-space region 0 ≤ r ≤ a and a ≤ r ≤ b 0 . P m,0 , Q m,0 , R m,0 , and S m,0 are given by:
where
Once the expressions for the line parameters for a loss less structure, namely, C e,m and L e,m are obtained, the dispersion relation of the structure can be obtained from the transmission line equation as:
Finally, by substituting (2) and (3) in (16) one gets the dispersion relation of the structure for the mth mode of the space-harmonics as follows:
Similarly, the characteristics impedance Z e,m of the structure, can also be predicted as:
The values of L e,m and C e,m are given in (3) and (4), respectively. The expressions for the interaction impedance [2] [3] [4] [5] [6] are out of scope here.
Special Case:
Here, it is of interest to mention that from the dispersion relation (17) -for an inhomogeneously loaded helix in the sheath-model, one can get the same dispersion relation for an inhomogeneously loaded helix in the tape-model [2] without going through rigorous field analysis, by multiplying both sides of (17) by sin(β n δ/2)/(β n δ/2) and then summing up the equation from − ∝ to + ∝ . Moreover, on substituting γ m,1 = γ m,2 = . . . = γ m,p = . . . = γ m,n+2 = γ m , and m = 0 (that is for the fundamental mode), the expressions for the line parameters (2) and (3) and hence the dispersion relation (17) passes on to those obtained earlier [8] .
RESULTS AND DISCUSSION
It is of interest to study the effects of the various support parameters on the equivalent circuit parameters of the helical SWS, namely, the inductance per unit length (L e,m ) (Fig. 2) and the capacitance per unit length (C e,m ) (Fig. 3) . These effects on the circuit parameters are reflected on the other important parameters of the structure, namely, the characteristics impedance (Z e,m ) (Fig. 4) and the axial propagation constant (β m ) (Fig. 5) . The results presented here are for the first space-harmonic, that is, m = ±1 including the fundamental mode, which are relevant to the amplification in a TWT or to the prevention of unwanted backward-wave oscillation therein. The structure parameters which have been found significantly influencing the results are the inhomogeneity of the structure and the proximity of the envelope with respect to the helix.
It is found from the Figs. 2a, 3a, 4a, and 5a, the inhomogeneity factor χ (= ε r,p /ε r,p−1 ; p ≤ 3 ≤ n + 2) significantly affects the structure parameters. The value of the inhomogeneity factor χ < 1 and > 1 corresponds to the effective relative permittivities of the equivalent dielectric tube regions decreasing or increasing radially outward from the helix, respectively 
Experimental Validation
It is worth validating the present analysis with those experimental results for the axial propagation constant of the fundamental mode (zeroth order), reported elsewhere. The results predicted by the present analysis for the fundamental mode (m = 0) of the axial propagation constant β 0 , closely agree with those obtained from [15] (Fig. 6) . The axial propagation constant β 0 has been obtained by changing the phase velocity v p (= ω/β 0 ) . For validation of the present theory with experimental results, practical structures, namely, rectangular bar and circular rod supports has been considered. Moreover, helix thickness has also been considered (Fig. 6 ).
CONCLUSION
The present simple and elegant analysis of a helical structure includes the space harmonics considering axial periodicity of the sheath helix [12] , the finite helix thickness [13, 14] , the structure inhomogeneity for the dielectric supports deviating from the simple wedge geometry [4] from and the non-uniformity of radial propagation constant over the structure cross section. This makes the present analysis more general and capable of dealing with a wide range of structure parameters. This analysis shows its potential to suppress unwanted space-harmonic modes in high voltage and millimeter-wave TWTs or to design spaceharmonic devices. Though the results presented here are for the first space-harmonic mode only, it can be evaluated for any mode of spaceharmonic of interest. In fact, the results converges for m ∼ ±3 or ±4 . Importantly, the present analysis gives the method of evaluating the transmission line parameters for the mth mode of a sheath model for a dielectric-loaded metal envelope structure in a practical configuration for helix TWTs. 
APPENDIX A
With the help of (4n + 6) boundary conditions and field expressions one can express the axial electric field (E z ) and the azimuthal electric field (E θ ) intensities at the sheath helix radius (r = a) in terms of the axial and the azimuthal components of sheath helix current, respectively, as:
3) and
These electric field intensities (A.1) and (A.2) are expressed in terms of circuit potential V and vector potential A as follows:
suffix (z, θ) representing axial (z) and or azimuthal (θ) components. In the cylindrical coordinate system (A.5) can be written as: 6) assuming that the rf quantities vary as exp j(ωt − β m z − mθ), one may express (A.6) as: Similarly, the expression for the azimuthal component of sheath helix current can be written as:
(A.14)
Finally, with the help of telegraphist equation (for a loss less structure), (A.13) and (A.12) and also with the help of the boundary condition I θa sin ψ = I za cos ψ and after a lengthy algebraic formulations one can get the expressions for shunt capacitance per unit length and series inductance per unit length as:
(A.16)
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